Abstract. It is known that, for a positive Dunford-Schwartz operator in a noncommutative L p −space, 1 ≤ p < ∞ or, more generally, in a noncommutative Orlicz space with order continuous norm, the corresponding ergodic averages converge bilaterally almost uniformly. We show that these averages converge almost uniformly in each noncommutative symmetric space E such that µt(x) → 0 as t → 0 for every x ∈ E, where µt(x) is a non-increasing rearrangement of x. Noncommutative Dunford-Schwartz-type multiparameter ergodic theorems are studied. A wide range of noncommutative symmetric spaces for which Dunford-Schwartz-type individual ergodic theorems hold is outlined. Also, almost uniform convergence in noncommutative WienerWintner theorem is proved.
Introduction
The study of noncommutative individual ergodic theorems in the space of measurable operators associated with a semifinite von Neumann algebra M equipped with a faithful normal semifinite trace τ was initiated by F. J. Yeadon. In [28] , he derived, as a corollary of a noncommutative maximal ergodic inequality in L 1 (M, τ ), an individual ergodic theorem for the so-called positive L 1 −L ∞ −contraction acting in the noncommutative space L 1 (M, τ ) . The study of individual ergodic theorems beyond L 1 (M, τ ) started much later with another fundamental paper by M. Junge and Q. Xu [13] where, among other results, individual ergodic theorem was extended to the case where a positive DunfordSchwartz operator acted in the space L p (M, τ ), 1 < p < ∞. In [18] , this result, for positive L 1 − L ∞ −contractins, was derived directly from Yeadon's maximal ergodic inequality with the help of the notion of uniform equicontinuity in measure at zero of a family of linear maps from a Banach space into the space of τ −measurable operators.
It was noticed recently [5] that any positive L 1 − L ∞ −contraction, after a unique extension, is a positive Dunford-Schwartz operator. In [5] various types of individual ergodic theorems for a positive Dunford-Schwartz operator in noncommutative spaces L p (M, τ ) and in noncommutative Lorentz spaces L p,q (M, τ ) were proved by first establishing maximal ergodic inequalities in L p (M, τ ), 1 < p < ∞. In [6] , utilizing the approach of [18] , an individual ergodic theorem for a positive Dunford-Schwartz operator in a noncommutative Orlicz space L Φ (M, τ ) with order continuous norm was proved.
In the present paper, we aim to extend noncommutative Dunford-Schwartz-type ergodic theorems in two directions: (A) In an attempt to answer the question how far beyond L 1 (M, τ ) inside L 1 (M, τ )+ M can one go for a Dunford-Schwartz-type theorem to remain valid we have found the following. Like in the commutative case, a noncommutative Dunford-Schwartztype ergodic theorem, once established for a positive Dunford-Schwartz operator in the space L 1 (M, τ ), holds for significantly wider space of measurable operators. This symmetric space R τ consists of such operators x ∈ L 1 (M, τ ) + M for which µ t (x) → 0 as t → ∞, where µ t (x) is a non-increasing rearrangement of x.
(B) Using a recent development presented in [20] , we obtain almost uniform convergence in a variety of noncommutative individual ergodic theorems, some of which new and some previously known to hold only for the generally weaker bilaterally almost uniform convergence.
Section 5 of the paper is devoted to a study, in the above context, noncommutative Dunford-Schwartz-type ergodic theorems for actions of discrete and continuous multiparameter semigroups.
In Section 6, to show the richness of the space R τ , we provide an ample variety of noncommutative symmetric spaces that are embedded in R τ .
In the last Section 7 of the paper, we strengthen the main result of [19] by proving almost uniform convergence in noncommutative Wiener-Wintner theorem.
Preliminaries
Let M be a semifinite von Neumann algebra equipped with a faithful normal semifinite trace τ . Let P(M) stand for the lattice of projections in M. If 1 is the identity of M and e ∈ P(M), we write e ⊥ = 1 − e. Denote by L 0 = L 0 (M, τ ) the * −algebra of τ −measurable operators affiliated with M.
For every subset E ⊂ L 0 , the set of all positive operators in E will be denoted by E + . The partial order in L 0 is given by its cone L 0 + and is denoted by ≤. Let · ∞ be the uniform norm in M. Equipped with the measure topology given by the system of neighborhoods at zero
is a complete metrizable topological * −algebra [23] . Let x ∈ L 0 , and let {e λ } λ≥0 be the spectral family of projections for the absolute value |x| of x. If t > 0, then the t-th generalized singular number of x (a nonincreasing rearrangement of x) is defined as
imply that y ∈ E and y E ≤ x E .
Let L 0 (0, ∞) be the linear space of all (equivalence classes of) almost everywhere finite complex-valued Lebesgue measurable functions on the interval (0, ∞). We identify L ∞ (0, ∞) with the commutative von Neumann algebra acting on the Hilbert space L 2 (0, ∞) via multiplication by the elements from L ∞ (0, ∞) with the trace given by the integration with respect to Lebesgue measure µ. A symmetric space E ⊂ L 0 (M, τ ), where M = L ∞ (0, ∞) and τ is given by the Lebesgue integral with respect to measure µ, is called a symmetric function space on (0, ∞).
If E = E(0, ∞) is a symmetric function space, define
(see [7, Proposition 2.5] ). (For a comprehensive review of noncommutative L p −spaces, see [25, 27] 
is a fully symmetric space with Fatou property [9, §4] .
Since for a symmetric function space E = E(0, ∞),
with continuous embeddings [14, Ch.II, §4, Theorem 4.1], we also have
is a noncommutative fully symmetric space.
Proof. As τ (1) = ∞, we have µ t (1) = 1 for all t > 0, hence 1 / ∈ R τ . Therefore E is not contained in R τ whenever 1 ∈ E.
Let 1 / ∈ E. If x ∈ E and lim t→∞ µ t (x) = α > 0, then
Let X be a Banach space, and let L 0 (Ω, ν) be the space of almost everywhere (a.e.) bounded functions on a probability space (Ω, ν) equipped with the measure topology. The classical Banach principle asserts that if M n : X → L 0 (Ω) is a sequence of continuous linear maps such that
then the set {x ∈ X : {M n (x)} converges a.e.} is closed in X. Theorem 3.1 below is a noncommutative Banach principle for a semifinite von Neumann algebra and almost uniform convergence in Egorov's sense. In what follows the notion of bilateral uniform equicontinuity in measure at zero of a sequence of maps from a normed space into the space L 0 plays an important role: Definition 3.2. Let (X, · ) be a normed space, and let X 0 ⊂ X be such that the neutral element of X is an accumulation point of X 0 . A sequence of maps M n : X → L 0 is called bilaterally uniformly equicontinuous in measure (b.u.e.m.) at zero in X 0 if for every ǫ > 0 and δ > 0 there exists γ > 0 such that, given x ∈ X 0 with x < γ, there is a projection e ∈ P(M) satisfying conditions τ (e ⊥ ) ≤ ǫ and sup n eM n (x)e ∞ ≤ δ.
Remark 3.2. It is easy to see [18, Proposition 1.1] that, in the commutative case, bilateral uniform equicontinuity in measure at zero of a sequence M n : X → L 0 is equivalent to the continuity in measure at zero of the maximal operator
In order to gain a critical tool given in Proposition 3.1 below, we need a technical lemma (for a proof, see Lemma 7.1):
Lemma 3.1. [4, Lemma 1.6] Let (X, +) be a semigroup, and let M n : X → L 0 be a sequence of additive maps. Assume that x ∈ X is such that for every ǫ > 0 there exist a sequence {x k } ⊂ X and a projection e ∈ P(M) satisfying conditions (i) {M n (x + x k )} converges a.u. as n → ∞ for each k;
Then the sequence {M n (x)} converges a.u.
Proof. Let a sequence {z m } ⊂ L and x ∈ X be such that z m − x → 0. Denote y m = z m − x and fix ǫ > 0.
Show first that, with n and k positive integers, there are projections e n,k ∈ P(M) and a sequence {x k } with x k ∈ {y m } for every k such that
Fix n and k. Since y m → 0 and {M n } is b.u.e.m. at zero in (X, · ), there exist
Let l(y) (r(y)) be the left (respectively, right) support of an operator y ∈ L 0 . If
If we put e k = n e n,k , then it follows that
We have x + x k ∈ L, hence the sequence {M n (x + x k )} converges a.u. for each k.
This, by Lemma 3.1, implies that x ∈ L, and we conclude that L is closed in X.
When X = L p , 1 ≤ p < ∞, we can say more:
be a sequence of positive continuous linear maps such that, given x ∈ L p and ǫ > 0, there exists e ∈ P(M) satisfying conditions τ (e ⊥ ) ≤ ǫ and sup
at zero in L p , and the result follows from Proposition 3.1.
Remark 3.3. Theorem 3.1 can be proved for an abstract ordered Banach space X such that every x ∈ X is a linear combination of a fixed number of positive elements of X.
Single parameter individual ergodic theorems in
If a Dunford-Schwartz operator T is positive, that is, T (x) ≥ 0 whenever x ≥ 0, we shall write
(see, for example, [7, §4] ) and, in addition,
In particular, T (R τ ) ⊂ R τ , and the restriction of T on R τ is a linear contraction (also denoted by T ).
the corresponding ergodic Cesáro averages of the operator x.
The following groundbreaking result was established in [28] as a corollary of a noncommutative maximal ergodic inequality [28 Theorem 4.1. Let T ∈ DS + and x ∈ L 1 . Then the averages (2) converge b.a.u. to some x ∈ L
1 .
An extension of Theorem 4.1 to noncommutative spaces L p , 1 < p < ∞, was obtained in [13] (see also [5] and [18] ): 
A symmetric space (E, · E ) is said to possess Fatou property if conditions
x n ∈ E + , x n ≤ x n+1 for all n and sup n x n E < ∞ imply that there exists x = sup n x n ∈ E + and x E = sup n x n E . Note that if a symmetric space E possesses Fatou property, then E is a fully symmetric space and its unit ball is closed in measure topology [8] .
Here is an extension of Theorem 4.3 to R τ :
Theorem 4.4. Let T ∈ DS + and x ∈ R τ . Then the averages (2) converge a.u. to some x ∈ R τ .
Proof. Without loss of generality assume that x ≥ 0, and let {e λ } λ≥0 be the spectral family of x. Given m ∈ N, denote
Since
This means that {A n (x)} is a Cauchy sequence with respect to a.u. convergence. Since L 0 is complete with respect to a.u. convergence [3, Remark 2.4], we conclude that the sequence {A n (x)} converges a.u. to some x ∈ L 0 . As A n (x) → x a.u., it is clear that A n (x) → x in measure. Since L 1 + M satisfies Fatou property [9, §4] , its unit ball is closed in measure topology [8, Theorem 4.1], and (1) implies that x ∈ L 1 + M. In addition, measure convergence A n (x) → x implies that µ t (A n (x)) → µ t ( x) almost everywhere on ((0, ∞), µ) (this can be shown as in the commutative case; see, for example, [14, Ch. II, §2, Property 11
• ]).
Fatou property for L 1 ((0, s), µ) and measure convergence µ t (A n (x)) → µ t ( x) on ((0, s), µ) imply that
Since R τ is a fully symmetric space and x ∈ R τ , it follows that x ∈ R τ .
Next we give an application of Theorem 4.4 to fully symmetric spaces:
Theorem 4.5. Let E = E(M, τ ) be a fully symmetric space such that 1 / ∈ E, and let T ∈ DS + . Then, given x ∈ E, the averages (2) converge a.u. to some x ∈ E.
Proof. By Proposition 2.2, E ⊂ R τ . Then it follows from Theorem 4.4 that the averages A n (x) converge a.u. to some x ∈ R τ . Since µ t ( x) ≺≺ µ t (x) (see the proof of Theorem 4.4) and E is a fully symmetric space, we obtain x ∈ E. Now, let C 1 = {z ∈ C : |z| = 1} be the unit circle in C. A function P : Z → C is said to be a trigonometric polynomial if
(ii) for every ǫ > 0 there exists a trigonometric polynomial P such that lim sup
The following theorem was proved in [3] .
Theorem 4.6. Assume that M has a separable predual. Let T ∈ DS + , and let {β k } be a bounded Besicovitch sequence. Then for every x ∈ L 1 (M) the averages
Below is an extension of Theorem 4.6. 
converge a.u. for every x ∈ L 1 .
Next, it follows exactly as in [3, Theorem 4.4 ] that the sequence {B n (x)} converges a.u. for every
at zero in L 1 , which in view of Proposition 3.1 implies that the set
The meaning of
. . .
the corresponding multiparameter ergodic averages.
A multiparameter sequence {x n } ⊂ L 0 is said to converge to x ∈ L 0 almost uniformly (a.u.) (bilaterally almost uniformly (b.a.u.)) if for every ǫ > 0 there exists such a projection e ∈ P(M) such that τ (e ⊥ ) ≤ ǫ and (x − x n )e ∞ → 0 (respectively, e(x − x n )e ∞ → 0) as n → ∞.
It is known [13, Theorem 6.6] (see also [12, 24, 26] ) that if 1 < p < ∞, then the averages (4) converge b.a.u. (and a.u. if p > 2). The following theorem asserts that we have a.u. convergence for all 1 < p < ∞.
Theorem 5.1. Given 1 < p ≤ 2, the averages (4) converge a.u. for every x ∈ L p .
Proof. It is enough to show convergence for any sequence n(k) → ∞ (see the last paragraph in the proof of Theorem 5.4). By [13, Theorem 6.6], the sequence {A n(k) (x)} converges b.a.u. for every x ∈ L p . Therefore, given x ∈ L p and ǫ > 0, there is e ∈ P(M) such that
Thus, by Theorem 3.1, the set
is closed in L p . This completes the proof since, given any q > 2, the set L p ∩ L q is dense in L p , and the sequence {A n(k) (x)} converges a.u. whenever x ∈ L p ∩ L q by [13, Theorem 6.6]. Now we turn to multiparameter individual ergodic theorems in R τ . When p = 1 the above unrestricted pointwise convergence of the averages (4) is known to not always hold even if T i 's are given by commuting measure preserving transformations.
We will begin with proving a.u. convergence of the averages (4) Our argument is based on the following result due to A. Brunel [1] (see [16, Ch.6, §6.3, Theorem 3.4]). Although it was originally formulated for commuting contractions in a commutative L 1 −space, one can see that the proof goes when
Theorem 5.2. There exist a constant χ d > 0 and a family {a n > 0 : n ∈ N d 0 } with a n = 1 such that, for any positive commuting contractions
for some n d and all n = 1, 2, . . . and x ∈ L 
As S ∈ DS + , it follows from Theorem 5.3 that for a given ν > 0 there exists e ∈ P(M) such that
which implies that sup
Therefore the sequence {A n(k) } is b.u.e.m. at zero on L 
1 . This implies that x = x, so A m(k) (x) → x a.u., and the proof is complete. Now we expand Theorem 5.4 to the space R τ :
+ be a commuting family. Then, given x ∈ R τ , the averages (4) converge a.u. to some x ∈ R τ for any sequence n(k) → ∞ that remains in a sector of N 0 be such that for every ǫ > 0 there is e ∈ P(M) with τ (e ⊥ ) ≤ ǫ for which (x n(k) − x n(l) )e ∞ → 0 ( e(x n(k) − x n(l) )e ∞ → 0) as n(k), n(l) → ∞. Then there is x ∈ L 0 such that x n(k) → x a.u. (respectively, b.a.u.).
Next we give an application of Theorem 5.5 to fully symmetric spaces. The proof of this theorem is similar to that of Theorem 4.5.
Theorem 5.6. Let E = E(M, τ ) be a fully symmetric space such that 1 / ∈ E, and let {T 1 , . . . , T d } ⊂ DS + be a commuting family. Then, given x ∈ E, the averages (4) converge a.u. to some x ∈ E for any sequence n(k) → ∞ that remains in a sector of
The next theorem is a noncommutative extension of the theorem of Dunford and Schwartz [10, Theorem VIII.7.17, p.708] (see also [16, §6.3, Theorem 3.7] ). We will need the following property of measure convergent sequences.
Lemma 5.1. Let x n , x ∈ L 0 and x n → x in measure. If e ∈ P(M) and γ > 0 are such that sup n x n e ∞ ≤ γ, then xe ∞ ≤ γ.
Proof. Since x n e ∞ ≤ γ, it follows that |x n |e ∞ ≤ γ, hence e|x n | 2 e ∞ ≤ γ 2 , that is, e|x n | 2 e ≤ γ 2 e. Since e|x n | 2 e → e|x| 2 e in measure and the cone of positive elements L 0 + is closed in measure topology, we have e|x| 2 e ≤ γ 2 e. Therefore
that is, xe ∞ ≤ γ.
Proof. One can verify that if x ∈ L 1 and y
, given by (6), converges a.u. to x. If t > 1 and x ∈ L 1 ∩ M, then
By (7), we have
Since z ∈ L 1 + , for every ν > 0, we can find, as it was carried out in the proof of Theorem 5.4 with the help of Theorem 5.2, a projection e ∈ P(M) such that
Therefore, letting {r n } = Q + , for a given z ∈ L 1 + and ν > 0, there exists e ∈ P(M) such that
which implies that the sequence {A rn } is b.u.e.m. at zero on
Fix ǫ > 0 and δ > 0. Since {A rn } is b.u.e.m. at zero on L 1 , by Lemma 2.2 in [20] , there exists e ∈ P (M) and z m0 ∈ {z m } such that
for each l, it follows from Lemma 5.1 that
Since x m0 ∈ L 1 ∩ M, we have A t (x m0 ) → x m0 a.u., so the net {A t (x m1 )} t>0 is a.u. Cauchy. Therefore, there exist g ∈ P(M) and t 1 > 0 such that
for all t, t ′ ≥ t 1 . If h = e ∧ g, then τ (h ⊥ ) < ǫ and, in view of (8) and (9), we have
Thus, the net {A t (x)} t>0 is a.u. Cauchy. By the proof of Theorem 2.3 in [3] , L 0 is complete with respect to a.u. convergence. Therefore, the averages A t (x) converge a.u. to some x ∈ L 0 . As in the proof of Theorem 4.4, we conclude that x ∈ L 1 .
In particular, we have the following (cf. [13, Theorem 6.8] and Remarks right after it).
Corollary 5.2. Let {T s } s≥0 ⊂ DS + be a semigroup that is strongly continuous on L 1 at every s > 0. Then the averages
Let (E(M), · E(M) ) be a fully symmetric space, and let {T u :
Repeating the argument in the proof of Theorem 4.4, we expand Theorem 5.7 to the fully symmetric space R τ :
+ be a semigroup continuous in the interior of R d + on R τ and L 1 . Then for every x ∈ R τ the averages A t (x) given by (10) converge a.u. as t → ∞ to some x ∈ R τ .
Proof. By Theorem 5.7, the averages A t (x) converge a.u. whenever x ∈ L 1 . Then, repeating the proof of Theorem 4.4 and using completeness of L 0 with respect to a.u. convergence and coincidence of the measure and bilaterally measure topologies [3, Therem 2.2], we conclude that the averages A t (x) converge a.u. to some x ∈ R τ .
As in Theorem 5.6, we obtain the following.
Theorem 5.9. Let E(M, τ ) be a fully symmetric space, 1 / ∈ E(M, τ ), and let
, and E(M, τ ). Then for every given x ∈ E(M, τ ), the averages A t (x) given by (10) converge a.u. as t → ∞ to some x ∈ E(M, τ ).
Applications
Every individual ergodic theorem for R τ above is valid for any noncommutative fully symmetric space E ⊂ R τ (with the limit x ∈ E). In this section we give a few examples of noncommutative fully symmetric subspaces of R τ .
Since the case τ (1) < ∞ is trivial in our context, assume that τ (1) = ∞. As we have noticed (Proposition 2.2), a symmetric space E ⊂ L 1 + M is contained in R τ if and only if 1 / ∈ E. 
be the corresponding noncommutative Orlicz space, and let
be the Luxemburg norm in L Φ (see [6] ). Since τ (1) = ∞, we have τ Φ
A space (E, · E ) is said to have order continuous norm if x n E ↓ 0 whenever x n ∈ E + and x n ↓ 0.
If E = E(M, τ ) is a noncommutative fully symmetric space with order continuous norm, then τ ({|x| > λ}) < ∞ for all x ∈ E and λ > 0, so E ⊂ R τ .
3. Let ϕ be an increasing concave function on [0, ∞) with ϕ(0) = 0 and ϕ(t) > 0 for some t > 0, and let
be the corresponding noncommutative Lorentz space; see, for example, [2] . Since Λ ϕ (0, ∞) is a fully symmetric function space [14, Ch.II, §5] and Λ ϕ (0, ∞) ⊂ R µ (0, ∞) whenever ϕ(∞) = ∞ [22, Theorem 1], the fully symmetric noncommutative space
Let E(0, ∞) be a fully symmetric function space. Let D s : E(0, ∞) → E(0, ∞), s > 0, be the bounded linear operator given by D s (f )(t) = f (t/s), t > 0. The Boyd indnex q E is defined as
, and so E(M, τ ) ⊂ R τ .
Almost uniform convergence in noncommuative Wiener-Wintner theorem
Let (M, τ ) be as above. Denote
where x ∈ L 1 + M, T ∈ DS + , and λ ∈ C 1 = {z ∈ C : |z| = 1}.
Definition 7.1. Let (X, · ) be a normed space. A sequence of maps B n : X × C 1 → L 0 is called Wiener-Wintner bilaterally uniformly equicontinuous in measure (WW b.u.e.m.) at zero in X if for every ǫ > 0, δ > 0 there is γ > 0 such that for every x ∈ X with x < γ it is possible to find e ∈ P(M) satisfying conditions τ (e ⊥ ) ≤ ǫ and sup n eB n (x, λ)e ∞ ≤ δ for all λ ∈ C 1 .
Definition 7.2. We say that x ∈ L 1 +M satisfies Wiener-Wintner property and we write x ∈ W W if, given ǫ > 0, there exists a projection e ∈ P (M) with τ (e ⊥ ) ≤ ǫ such that the sequence {a n (x, λ)e} converges in (M, · ∞ ) for all λ ∈ C 1 .
We will need a Wiener-Wintner version of Lemma 3.1:
p be such that for every ǫ > 0 there exist a sequence {x k } ⊂ L p and a projection e ∈ P(M) satisfying conditions (i) {A n (x + x k , λ)} converges a.u. as n → ∞ for each k and all λ ∈ C 1 ; (ii) τ (e ⊥ ) ≤ ǫ; (iii) sup n A n (x k , λ)e ∞ → 0 as k → ∞ for all λ ∈ C 1 . Then the sequence {A n (x, λ)} converges a.u. for all λ ∈ C 1 .
Proof. Fix ǫ > 0, and let {x k } ⊂ L p and e ∈ P(M), τ (e ⊥ ) ≤ ǫ/2, be such that conditions (i) and (iii) hold.
Fix λ ∈ C 1 , pick δ > 0 and let k 0 = k 0 (δ) be such that
Since {A n (x + x k0 , λ)} converges a.u. as n → ∞ for all λ ∈ C 1 , there is a projection q ∈ P(M) with τ (q ⊥ ) ≤ ǫ/2 and a positive integer N for which the inequality (A m (x + x k0 , λ) − A n (x + x k0 , λ))q ∞ ≤ δ 3 holds whenever m, n ≥ N .
If one defines g = p ∧ q, then τ (g ⊥ ) ≤ ε and (A m (x, λ) − A n (x, λ))e ∞ ≤ (A m (x + x k0 , λ) − A n (x + x k0 , λ))g ∞ + + A m (x k0 )g ∞ + A n (x k0 )g ∞ ≤ δ
for all m, n ≥ N . Since L 0 is complete with respect to a.u. convergence, the sequence {A n (x, λ)} converges a.u.
The following is a Wiener-Wintner version of Proposition 3.1. Proof. Let D = {λ l } ∞ l=1 be a dense subset in C 1 . Let a sequence {z m } ⊂ L and x ∈ L p be such that z m − x p → 0. Denote y m = z m − x and fix ǫ > 0. Show that, with n, k, and l positive integers, there are projections e n,k,l ∈ P(M) and a sequence {x k } with x k ∈ {y m } for every k such that τ (e ⊥ n,k,l ) ≤ ǫ 2 n+k+l and A n (x k , λ l )e n,k,l ∞ ≤ 1 k for all n, k, l.
Fix n, k, and l. Since y m p → 0 and {A n } is WW b.u.e.m. at zero in (L p , · p ) (see Proposition 7.1), there exist x k ∈ {y m } and g n,k ∈ P(M) such that
Then we have g n,k A n (x k , λ l )g n,k ∞ ≤ 1 k for all n, k, l.
If q n,k,l = 1 − r(g ⊥ n,k A n (x k , λ l )), then, as in Proposition 3.1, τ (q ⊥ n,k,l ) ≤ ǫ 2 n+k+l+1 and A n (x k , λ l )q n,k,l = g n,k A n (x k , λ l )q n,k,l . Therefore, letting e n,k,l = g n,k ∧ q n,k,l , we obtain τ (e ⊥ n,k,l ) ≤ ǫ 2 n+k+l and A n (x k , λ l )e n,k,l = g n,k A n (x k , λ l )g n,k e n,k,l , which implies A n (x k , λ l )e n,k,l ∞ ≤ g n,k A n (x k , λ l )g n,k ∞ ≤ 1 k for all n, k, l.
If we put e k = n,l e n,k,l , then it follows that τ (e ⊥ k ) ≤ ǫ 2 k and sup n A n (x k , λ l )e k ∞ ≤ 1 k for all k, l.
Next, if λ ∈ C 1 , then there exists a subsequence {λ lm } that converges to λ. Since sup n A n (x k , λ l )e k ∞ ≤ 1 k for all k and l, we have A n (x k , λ lm )e k − A n (x k , λ)e k ∞ → 0 as m → ∞, hence sup n A n (x k , λ)e k ∞ ≤ 1 k for all k and λ ∈ C 1 .
We have x + x k ∈ L, hence the sequence {A n (x + x k , λ)} converges a.u. for each k and λ ∈ C 1 . Moreover, if e = k e k , then τ (e ⊥ ) ≤ ǫ and sup n A n (x k , λ)e ∞ → 0 as k → ∞ for all λ ∈ C 1 .
Thus, by Lemma 7.1, we conclude that the sequence {A n (x, λ)} converges a.u. for all λ ∈ C 1 . This implies that x ∈ L, hence L is closed in L p .
Now we assume, as in [19, Theorem 5.1] , that τ is finite, T ∈ DS + is an ergodic homomorphism, and τ • T = τ . Then the following result is valid (see [19, Theorem 5 .1, (7)]). [19, Theorem 5 .1] where the convergence was given in terms of the two-sided multiplication by a projection e ∈ P(M).
Theorem 7.2. L 1 ⊂ W W , that is, for every x ∈ L 1 and ǫ > 0 there exists a projection e ∈ P (M) such that τ (e ⊥ ) ≤ ǫ and {A n (x, λ)e} converges in (M, · ∞ ) for all λ ∈ C 1 .
